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Graph

* Graph definition and representation * Graph problems/algorithms
* Adjacency matrix * Minimum spanning tree (MST)
* Adjacency list e Kruskal (greedy)

* Prim (greedy)

* Graph traversal « Shortest path (directed weighted graphs)
 Breadth first search (BFS) « Dijkstra (greedy)
* Shortest path (unweighted graphs) * Bellman-Ford (dynamic programming)
* Testing bipartiteness * Floyd-Warshall (dynamic programming)
e Tree traversal (level-order)
* Connected components e Flow network
* Depth first search (DFS) * Max-flow min-cut theorem
* Topological sorting e Ford-Fulkerson algorithm

» Tree traversal (in-order, pre-order, post-order)
* Connected components
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Graph

 Shortest path (directed weighted graphs)
* Dijkstra (greedy)

* Bellman-Ford (dynamic programming)
* Floyd-Warshall (dynamic programming)

* Flow network

* Max-flow min-cut theorem
» Ford-Fulkerson algorithm
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Shortest Paths (Weighted Graphs)

* We have already seen that BFS gives the shortest path from a given
source node to all other nodes as it traverses the graph, in linear
O(|V[+E]) time. BUT 1t was limited to unweighted graphs, where the
edge weights are the same.

* How can we find the shortest path in weighted graphs?
* Generalization of BFS to weighted graphs

* Examples
* Shortest route between two locations on a map
* Time, cost, penalties, etc.

e
4




Shortest Paths (Weighted Graphs)

* Problem description
* Given graph G = (V, E), and a weight function w: E - R

* Weight of a path |p=[v,, V4, ..., V]

Y. edge_weights on path p

* Shortest-path weight from u ~» v =

T k
= | Li=1 W(Vi-1, Vi)
i Enin ) w(p), if there exists apathu ~ v
p(u~v
d(u,v) =
| o0, otherwise

e
4




Shortest Paths (Weighted Graphs)

* Example
* Weighted, directed graph
* Shortest path from source s to other vertices
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Shortest Paths (Weighted Graphs)

* Example
* Weighted, directed graph
* Shortest path from source s to other vertices

Shortest path 1
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Shortest Paths (Weighted Graphs)

* Example
* Weighted, directed graph
 Shortest path from source s to other vertices

Shortest path 1
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Shortest Paths (Weighted Graphs)

* Example
* Weighted, directed graph
* Shortest path from source s to other vertices

Shortest path does not have to be unique.

Shortest path 1
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Shortest Paths (Weighted Graphs)

* Variants of shortest path problem:

1. Single-source: Find shortest paths from a given source vertex s € V to every
vertex v € V.

2. Single-destination: Find shortest paths to a given destination vertex.

3. Single-pair: Find shortest path from u to v. In the worst case 1s the same as
solving single-source.

4. All-pairs: Find shortest path from u to v for all u, v € V.

v
L 4




Shortest Paths (Weighted Graphs)

* Variants of shortest path problem:

SSSP 1. Single-source: Find shortest paths from a given source vertex s € V to every
vertex v € V.

Bellman-Ford, Dijkstra

2. Single-destination: Find shortest paths to a given destination vertex.

3. Single-pair: Find shortest path from u to v. In the worst case 1s the same as
solving single-source.

APSP 4. All-pairs: Find shortest path fromu to v forallu, v e V.
Floyd-Warshall

v
L 4




Shortest Paths (Weighted Graphs)

* We start with Single-source shortest path (SSSP) problem first.

* Bellman-Ford algorithm (Dynamic programming)
* Diyjkstra’s algorithm (Greedy)

* Then we’ll see All-pairs shortest path (APSP) problem
* Floyd-Warshall

* But before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

Y




Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

1. Optimal substructure
* Any sub-path of a shortest path 1s a shortest path.

O O Oen O
u X y
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Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

1. Optimal substructure
* Any sub-path of a shortest path 1s a shortest path.

O Pux O nyO Pyv _@

o(u,v) = W(p) = W(pux) ¥ W(pxy)+ W(pyv

v
L 4




Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

1.

Optimal substructure

* Any sub-path of a shortest path is a shortest path.

( ) pux( : Dxy
X !/

P xy

Pyv

S(u,v) = w(p) = w(pyy) + W(pxy)+ W(pyv)

e Proof
* Suppose p 1s the shortest path from u to v.

* For the sake of contradiction assume there is another path, p’,, from x to y, which is shorter than
Dxy> 1.€., W(p’xy) < W(pxy). This means we can construct p',,,,, using this sub-path:

al(u; v) = W(p’) = W(pux) + W(p,xy)+ W(pyv)

<

w(Pyx) W(pxy)+ W(pyv)

« Therefore, p wasn’t s shortest path > Contradiction.

=w(p)

« - Each sub-path of a shortest path is a shortest path between the connected nodes.

v
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Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

2. Cycles

Can we have cycles in our shortest path?

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

2. Cycles Can we have cycles in our shortest path?

* Positive-weight = Always a shorter path without the cycle = omit the cycle.
» Zero-weight: No reason to use them = we can ignore them 1n any solution.

* Negative-weight: We cannot have any negative-weight cycle reachable from
the source.

* If we have one, then we can just keep going around it, and get w(s, v) = —oo for all v on
the cycle.

* Therefore, negative-weight cycle reachable from the source are not allowed.
* It is okay to have negative-weight cycles which are not reachable from the source.

v
L 4




Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main characteristics
of the shortest path problem

3. Outputs the SSSP problem

For each vertex v € V' :

1. Shortest path distance d[V]

* d[v] = 0(s,v). (d[v] is also known as shortest-path estimate)

* Initially, d[v] = o°.

« Reduces as algorithms progress. But always maintain d[v] = 0(s,v).
2. Shortest path predecessors/ Shortest path tree

* q[v] = predecessor of v on a shortest path from s.
* If no predecessor, it[v] = NIL .
* minduces a tree known as shortest-path tree.

Y




Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

4. Imitialization
 All the shortest-paths algorithms start with INIT-SINGLE-SOURCE.

INIT-SINGLE-SOURCE (V, s)

foreachv e V
do d[v] <« o©
r[v] < NIL
d(s] < O

e
4




Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

5. Relaxation

* Relaxing an edge (u, v): Updating (improving) the shortest-path estimate for
v by going through u and taking (u,v)

RELAX(u, v, w)
if d[v] > d[u] + w(u, v)
then d[v] <« d[u] + w(u, v)
mw[v] <« u

e
4




Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main

characteristics of the shortest path problem

5. Relaxation

* Relaxing an edge (u, v): Updating (improving) the shortest-path estimate for

v by going through u and taking (u,v)

RELAX(u, v, w)
if d[v] > d[u]l + w,v) «~— |
then d[v] <« d[u] + w(u, v)
mw[v] <« u

Update only when
taking the the current
edge reduces the overall
path weight sum
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Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

5. Relaxation

* Relaxing an edge (u, v): Updating (improving) the shortest-path estimate for

v by going through u and taking (u,v) vV

if d[v] > d[u] + w(u, v)

Wypy = 3
RELAX(u, v, w) d=2 w
then d[v] <« d[u] + w(u, v) W, = 3
[v] < u d=2

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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Shortest Paths (Weighted Graphs)

* Before discussing the algorithms, let’s see some of the main
characteristics of the shortest path problem

5. Relaxation

* Relaxing an edge (u, v): Updating (improving) the shortest-path estimate for
v by going through u and taking (u,v)

u
Wuv = 3 Wuv =
RELAX(u, v, w) G " @ -‘

if d[v] > d[u] + w(u, v)

then d[v] < d[u] + w(u, v) Wy, = Wyp = 3
wlv] <« u O ‘ @ ‘
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Shortest Paths (Weighted Graphs)

* The main 1dea of SSSP algorithms:

 Calling INIT-SINGLE-SOURCE for mitialization.
* Relaxing edges using Relax method.

* SSSP algorithms are different in terms of the order and number times
that the relaxing method is called.

e
4




Shortest Paths (Weighted Graphs)

* Shortest path properties

1.

T B

Triangle mequality
Upper-bound property
No-path property
Convergence property
Path relaxation property

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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Shortest Paths (Weighted Graphs)

* Shortest path properties

1.

T B

Triangle inequality
Upper-bound property
No-path property
Convergence property
Path relaxation property
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Shortest Paths (Weighted Graphs)

1. Trangle inequality: For all(u,v) € E, we have o(s,v) < o(s,u) + w(u,v).

* Proof:

* Weight of shortest path s ~» v 1s less than or equal to weight of any path s ~» v,
Path s ~» u — vis a path s ~» v, and if we use a shortest path s ~ u, its weight
1S o(s, u) + w(u, v).
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Shortest Paths (Weighted Graphs)

* Shortest path properties

1.

o)

Triangle mequality
Upper-bound property
No-path property
Convergence property
Path relaxation property
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Shortest Paths (Weighted Graphs)

2. Upper-bound property: Always have d[v] > o(s, v) for all v. Once d[v] =
o(s, v), it never changes.

* Proof:
* Initially true.
* Suppose there exists a vertex such that d[v] < o(s, v).
* Without loss of generality, assume v 1s first vertex for which this happens.
* Let u be the vertex that causes d[v] to change. Then, d[v] = d[u] + w(u, V).

* So, d[v] <o(s,v) < o(s, u) + w(u, v) = dlu] + w(u, v) =d[v] <d[u]tw(u,v).
(triangle inequality) (v 1s first violation)

Contradiction

* Once d[v] reaches 0(s,v), it never goes lower. It also never goes up, because
relaxations only lower shortest-path estimates.

v
L 4




Shortest Paths (Weighted Graphs)

* Shortest path properties

1.

“h B I

Triangle mequality
Upper-bound property
No-path property
Convergence property
Path relaxation property
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Shortest Paths (Weighted Graphs)

3. No-path property: If o(s, v) = oo, then d[v] = o always.

* Proof:
* Using upper bound property: d[v] = o(s,v) =00 = d[v] = x.

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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Shortest Paths (Weighted Graphs)

* Shortest path properties

1.

il R R

Triangle mequality
Upper-bound property
No-path property
Convergence property
Path relaxation property
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Shortest Paths (Weighted Graphs)

4. Convergence property: If s ~» u — v 1s a shortest path, d[u] = o(s,u),
and we call RELAX(u,v,w), then d[v] = o(s, v) afterward.

* Proof:
 After relaxation:
dlv] < dlu]+w(u,v) (RELAX code)
= 0(s, u) + w(u, v)
= 0(s, V) (Lemma: optimal substructure)

 Since d[v] > 0(s, v), must have d[v] = (s, V).

e
4




Shortest Paths (Weighted Graphs)

* Shortest path properties

1.

=

Triangle mequality
Upper-bound property
No-path property
Convergence property
Path relaxation property
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Shortest Paths (Weighted Graphs)

5. Path relaxation property: Let p=|v,, V4, ..., Vi | be a shortest path from
s = vy to vy. If we relax, in order, (vy, V1), (V1,V5),...,(Vk_1, Vi),
even intermixed with other relaxations, then d[v; ] = 0(s, vy, ).

* Proof: Induction to show that d[v;] = o(s, v;) after (v;_1, V;) 1s relaxed.

1.
2.
2

Induction base, i = 0: Initially, d[vg] = 0 = o(s, vg) = (s, ).

Inductive hypothesis: Assume d[v;_1] = o(s, v;_1)

Inductive step: Relax (v;_1, v;). By convergence property, d[v; | = o(s, v; )
afterward and d[v; ] never changes.

Y




SSSP: Bellman-Ford

* Bellman-Ford
* Dynamic programming approach
* Allows negative-weight edges.
* Computes d[v] and n[v] forall v e V.

* Returns TRUE if no negative-weight cycles reachable from s, FALSE
otherwise.

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford

e Bellman-Ford BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V| -1
for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d>u.d+ w(u,v)
return FALSE
return TRUE

* Dynamic programming approach
* Allows negative-weight edges.
* Computes d[v] and n[v] forall v e V.

* Returns TRUE if no negative-weight
cycles reachable from s, FALSE
otherwise.

CO~J N B WN -
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SSSP: Bellman-Ford

* Bellman-Ford BELLMAN-FORD(G, w, )
« Dynamic programming approach 1 INITIALIZE-SINGLE-SOURCE(G,s)
* Allows negative-weight edges. 2 fori =1to[G.V|-1
3 for each edge (u,v) € G.E

* Computes d[v] and n[v] forall v € V. / RELAX (4, v, w)
5

* Returns TRUE 1if no negative-weight P Heod cG.E
cycles reachable from s, FALSE 6 Tl eia;cv Zr Eeu(l;; 3_) w(u .v)

otherwise. 7 return FALSE
& return TRUE

Relax all edges [VI-1 times

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford

e Bellman-Ford BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V| -1
for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d>u.d+ w(u,v)
return FALSE
return TRUE

* Dynamic programming approach
* Allows negative-weight edges.
* Computes d[v] and n[v] forall v e V.

* Returns TRUE if no negative-weight
cycles reachable from s, FALSE
otherwise.

CO~J N B WN -

Running time?
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SSSP: Bellman-Ford

* Bellman-Ford BELLMAN-FORD(G, w, )
« Dynamic programming approach 1 INITIALIZE-SINGLE-SOURCE(G,s)
* Allows negative-weight edges. 2 fori =1to[G.V|-1
3 for each edge (u,v) € G.E

* Computes d[v] and n[v] forall v e V.

* Returns TRUE if no negative-weight
cycles reachable from s, FALSE 6
otherwise. 7

8

4 RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d>u.d+ w(u,v)
return FALSE
return TRUE

e Running time: O(|V||E]|) Running time?

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford

e Bellman-Ford BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V| -1
for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d > u.d + w(u,v)
return FALSE
return TRUE

* Dynamic programming approach
* Allows negative-weight edges.
* Computes d[v] and n[v] forall v e V.

* Returns TRUE if no negative-weight
cycles reachable from s, FALSE
otherwise.

* Running time: O(|V||E]|)

CO~J N B WN -

* Proof of correctness using path-
relaxation property (CLRS 24.1)

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford

° Bellman_Ford BELLMAN-FORD(G, w, S)
e So, in short, INITIALIZE-SINGLE-SOURCE(G, s)

. . , fori = 1to |G.V]|—1
* The algorithm iterates at most |V|-1 times.

1
2
3 for each edge (u,v) € G.E
At each iteration, it updates (relaxes) 4 RELAX (4, v, w)
along all edges. 5 for each edge (u,v) € G.E
6 ifv.d>u.d+ wu,v)
7 return FALSE
8

return TRUE
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SSSP: Bellman-Ford

* Example
e 5 vertices =2 4 iterations

Starting
point

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G, s)
2 fori =1t |G.V|-1

3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E

6 ifv.d>u.d+ wu,v)

7 return FALSE

8 return TRUE

@ CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford

* Example
e 5 vertices =2 4 iterations

Parents (path)
v | T(v)
S
t
y
X
Z

BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V]|—1

for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.FE

ifv.d >u.d+ w(u,v)
return FALSE

1
2
3
4
5
6
7
8

return TRUE

S

t

bW N = O

@@ CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford

INIT-SINGLE-SOURCE(V, s)

® Example forecachv e V
3 ) . do d[v] <« o©
4 1.te.:ra.t10r%s R
e Initialization d[s] < 0

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1to|G.V]|—1

3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E

6 ifv.d >u.d+ w(u,v)

7 return FALSE

8

Parents (path) st TRUE
v V) i S t y X zZ
s ? 0 0 00 00 0 00
t 1) 1
y | 0 5
X 1) 3
z 1)) 4
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SSSP: Bellman-Ford

* Example

e 4 1terations
e Initialization

INIT-SINGLE-SOURCE(V, s)

foreachv e V
do d[v] <« o©
m[v] < NIL
dls] < O

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1to|G.V]|—1

3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E

6 ifv.d >u.d+ w(u,v)

7 return FALSE

8

Parents (path) st TRUE
v V) i S t y X zZ
s ? 0 0 00 00 0 00
t 1) 1
y | 0 5
X 1) 3
z 1)) 4
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SSSP: Bellman-Ford

BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V]|—1
for each edge (u,v) € G.E
RELAX(u, v, w)

* Example Iteration 1=1 1
2
3
: 4
* Relaxation 6 5 5 for each edge (u,v) € G.E
6
7
8

e 4 1terations
e Initialization

ifv.d >u.d+ w(u,v)
return FALSE

Parents (path) return TRUE
v | T(v) t y X y/
S 0) 0 0 0 0
t S 6 7
y

(W N =] O -

S
0)
0)
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SSSP: Bellman-Ford

* Example Iteration 1=1

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
, 4 RELAX(u, v, w)
* Relaxation 6 5 1 1 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Earpnis (path) 8 return TRUE
v | m(v) i t y X Z
S 0 0 00 o0 o0 o0
I 1 6 2
y S )
X t 3
zZ t 7 2 4
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SSSP: Bellman-Ford

* Example Iteration 1=1

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
, 4 RELAX(u, v, w)
* Relaxation 6 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Earpnis (path) 8 return TRUE
v V) i t y X //
S 0 0 00 o0 o0 o0
I 1 6 7 4 2
y S )
X y 3
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=1

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
, 4 RELAX(u, v, w)
* Relaxation 2 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Earents (path) 8 return TRUE
v | m(v) i t y X Z
S 0 0 00 o0 o0 o0
i 1 2 7 4 2
y S )
X y 3
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=1

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
; 4 RELAX(u, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Eacpdts (path) 8 return TRUE
v | () i t y X Z
> ? 0 o0 o0 o0 o0
I 1 2 7 4 2
y S )
X y 3
zZ t 4
@ CS-3510: Design and Analysis of Algorithms | Summer 2022 52




SSSP: Bellman-Ford

* Example Iteration 1=2

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
, 4 RELAX(u, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Earpnis (path) 8 return TRUE
v V) i S t y zZ
S 0 0 0 00 o0 o0
i 1 0 2 7 2
S 2 0
X y 3
zZ t 4
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SSSP: Bellman-Ford

BELLMAN-FORD(G, w, 5)

° Example Iteration 1=2 1 INITIALIZE-SINGLE-SOURCE(G, s)

e 4 1terations 2 fori =1to|G.V|—-1

e Tnitialization 3 for each edge (u,v) € G.E
RELAX(u, v, w)

: 4
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+w(u,v)
¥ return FALSE
Parents (path) 8 return TRUE
v | m(v) i s t y X z
S 1) 0 0 00 o0 o0 00
t] x 1 0 2 7 4 2
y S 2 0 2 7
X y 3
z t 4
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SSSP: Bellman-Ford

* Example Iteration 1=2

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
, 4 RELAX(u, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Earents (path) 8 return TRUE
v V) i S t y X zZ
S 0 0 0 00 o0 o0 o0
i 1 0 2 7 4 2
S 2 0 2 7 4 =
X y 3
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=2

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
; 4 RELAX(u, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Eacpdts (path) 8 return TRUE
| ") i S t y X zZ
S 1) 0 0 % co e'e) o0
I 1 0 2 7 4 2
y S 2 0 2 7 4 -2
X y 3
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=2

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
, 4 RELAX(u, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Earents (path) 8 return TRUE
v V) i S t y X zZ
S 0 0 0 00 o0 o0 o0
i 1 0 2 7 4 2
S 2 0 2 7 4 s
X y 3
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=2

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
e 4 1terations 2 fori =1to|G.V|—-1
e Tnitialization 3 for each edge (u,v) € G.E
; 4 RELAX(u, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
Eacpdts (path) 8 return TRUE
| ") i S t y X zZ
S 1) 0 0 % co e'e) o0
I 1 0 2 7 4 2
y S 2 0 2 7 4 -2
X y 3
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=3

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
4 jterations No more updates in 2 fori =1to|G.V|—1
e Tnitialization : . P ' 3 for each edge (u,v) € G.E
: iteration 3! 4 RELAX (1, v, w)
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7 return FALSE
barents (path) 8 return TRUE
v | () i S t y X Z
S 0 0 0 00 0 00 00
= 1 0 2 7 4 2
S 2 0 2 7 4 2
e 3 0
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=3
e 4 1terations

LI No more updates in
* Initialization

iteration 3!

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1t |G.V|-1

3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E
6

7

8

* Relaxation 5 A
ifv.d >u.d+ w(u,v)
return FALSE
barents (path) return TRUE

v V) i S t y X zZ
S 0 0 0 00 o0 o0 o0
- L LIRS AR R
. 2 0 2 7 4 )
O 3 0 2 7

z t 4
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SSSP: Bellman-Ford

* Example Iteration 1=3
e 4 1terations

LI No more updates in
* Initialization

iteration 3!

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)

2 fori =1t |G.V|-1

3 for each edge (u,v) € G.E
RELAX(u, v, w)

4
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
Eacpats (path) ; return T;fjt]lal i
| ") i S t y X zZ
° ; 0 0 o0 o0 o0 o0
- o412
. 2 0 2 7 4 =2
. 3 0 2 7 42
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=3
e 4 1terations

LI No more updates in
* Initialization

iteration 3!

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)

2 fori =1t |G.V|-1

3 for each edge (u,v) € G.E
RELAX(u, v, w)

4
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
Eacpats (path) ; return T;fjt]lal i
| ") i S t y X zZ
° ; 0 0 o0 o0 o0 o0
- o412
. 2 0 2 7 4 =2
. 3 0 2 7 42
zZ t 4
@ CS-3510: Design and Analysis of Algorithms | Summer 2022 62




SSSP: Bellman-Ford

* Example Iteration 1=3
e 4 1terations

LI No more updates in
* Initialization

iteration 3!

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1t |G.V|-1

3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E
6

7

8

* Relaxation 5 A
ifv.d >u.d+ w(u,v)
return FALSE
Parents (path) st TRUE
v V) i S t y X zZ
S 1) 0 0 o0 'e) oo co
I 1 0 2 7 4 2
I 2 0 2 7 4 2
. 3 0 2 7 4 7
zZ t 4
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SSSP: Bellman-Ford

* Example Iteration 1=3
e 4 1terations

LI No more updates in
* Initialization

iteration 3!

BELLMAN-FORD(G, w, 5)

1 INITIALIZE-SINGLE-SOURCE(G,s)

2 fori =1t |G.V|-1

3 for each edge (u,v) € G.E
RELAX(u, v, w)

4
* Relaxation 5 4 5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
Eacpats (path) ; return T;fjt]lal i
| ") i S t y X zZ
° ; 0 0 o0 o0 o0 o0
- o412
. 2 0 2 7 4 =2
. 3 0 2 7 42
zZ t 4
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SSSP: Bellman-Ford

BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
N dates i fori = 1to |G.V]|—1
O L00I0NS Dol 21 1L for each edge (u,v) € G.E

iteration 4! RELAX (1, v, w)

* Example Iteration 1=4 1
2
3
: 4
* Relaxation 5 4 5 for each edge (u,v) € G.E
6
7
8

e 4 1terations
e Initialization

ifv.d >u.d+ w(u,v)
return FALSE

Parents (path) return TRUE
v | m(v) i S t y X z
¢ 0 0 00 o0 %0 o0
t X 1 0 2 7 4 2
y S 2 0 2 7 4 -2
X y 3 0 2 7 4 -2
z | ¢ 4 0 2 7 4 2
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SSSP: Bellman-Ford

BELLMAN-FORD(G, w, 5)

N Examp le 1 INITIALIZE-SINGLE-SOURCE(G, s)
4 jterations 2 fori =1to|G.V|—1
+ Initialization O e;;*;zig(e (, v>)€ G
u,v,w
5 for each edge (u,v) € G.E
6 ifv.d >u.d+ w(u,v)
7
8

e Relaxation 4

 Shortest path
return FALSE

Parents (path) return TRUE
v | m(v) i S t y X z
S 1) O 0 0 [ i i |
t X 1 0 2 7 4 2
y S 2 0 2 7 4 -2
X y 9 3 0 2 7 4 -2
z |t 7 =) 4 0 2 7 4 -2
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SSSP: Bellman-Ford

BELLMAN-FORD(G, w, 5)

Checking for a 1 INITIALIZE-SINGLE-SOURCE(G,s)

: . 2 fori =1t |G.V|—1
negative-weight cycle 3 i 0lG.7]

* Example

* 4 1terations

e Initialization for each edge (u,v) € G.E
RELAX (u, v, w)

for each edge (u,v) € G.FE

4
5
6 ifv.d >u.d+ w(u,v)
7
8

e Relaxation 4

* Shortest path
return FALSE

Parents (path) return TRUE
v | m(v) i S t y X z
S 1) O 0 0 [ i i |
t X 1 0 2 7 4 2
y S 2 0 2 7 4 -2
X y 9 3 0 2 7 4 -2
z |t 7 =) 4 0 2 7 4 -2
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SSSP: Bellman-Ford

BELLMAN-FORD(G, w, 5)

No negative-weight cycle 1 INITIALIZE-SINGLE-SOURCE(G, s)
2 fori =1to|G.V]|—1

Return TRUE 3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E

6 ifv.d >u.d+ w(u,v)

7

8

* Example

e 4 1terations
e Initialization

e Relaxation 4

* Shortest path
return FALSE

Parents (path) return TRUE
v | m(v) i S t y X z
S 1) O 0 0 [ % ik 1
t X 1 0 2 7 4 2
y S 2 0 2 7 4 -2
X y 9 3 0 2 7 4 -2
z t 7 =) 4 0 2 7 4 -2
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SSSP: Bellman-Ford Summary

e Bellman-Ford BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V| -1
for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d > u.d + w(u,v)
return FALSE
return TRUE

* Dynamic programming approach
* Allows negative-weight edges.
* Computes d[v] and n[v] forall v e V.

* Returns TRUE if no negative-weight
cycles reachable from s, FALSE
otherwise.

* Running time: O(|V||E]|)

CO~J N B WN -

* How to apply?

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Bellman-Ford Summary

e Bellman-Ford BELLMAN-FORD(G, w, 5)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V| -1
for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d>u.d+ w(u,v)

* Dynamic programming approach

* How to apply? (Main steps)

1. Create two tables (both can be
implemented using 1D arrays)
* One for “d”, and Parents (path)

CO~J N B WN -

T-fxnother-fol 1) v | m(v) return FALSE
s return TRUE
t
y Shortest distance
X S t y X //
z i
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SSSP: Bellman-Ford Summary

* Bellman-Ford
* Dynamic programming approach

* How to apply? (Main steps)
1.

Create two tables (both can be
implemented using 1D arrays)

* One for “d”, and
e Another for “m(v)”

Initialize the tables

Parents (path)

(V)

0)

BELLMAN-FORD(G, w, §)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to |G.V| -1
for each edge (u,v) € G.E
RELAX(u, v, w)
for each edge (u,v) € G.E
ifv.d > u.d + w(u,v)
return FALSE
return TRUE

CO~J N B WN -

INIT-SINGLE-SOURCE (V, s)

foreachv e V
do d[v] <« o©
m[v] < NIL
dls] < O

Shortest distance

t y X //

LSS R SR B SR R S

1 0 o0 o0 o0 o0
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SSSP: Bellman-Ford Summary

e Bellman-Ford

* Dynamic programming approach

* How to apply? (Main steps)

1. Create two tables (both can be
implemented using 1D arrays)

* One for “d”, and
e Another for “m(v)”

2. Initialize the tables

3. Iterate over each node
and each time iterate
over all edges and
update the tables if
necessary (relaxation)

O(VIIED)

BELLMAN-FORD(G, w, §)

1 INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1to|G.V|—-1

3 for each edge (u,v) € G.E

4 RELAX(u, v, w)

5 for each edge (u,v) € G.E
6

7

8

e () ifv.d >u.d+wu,v)
(V) return FALSE
0 return TRUE
0)
@ Shortest distance
1) t y X Z
0) i 0 00 o0 o0 00
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SSSP: Diyjkstra’s Algorithm

* Dyjkstra
* Greedy approach
* No negative-weight edges.

* Essentially a weighted version of breadth-first search.

* Instead of a FIFO queue, uses a priority queue.
Keys are shortest-path weights (d[v]).
* Have two sets of vertices:

» §=vertices whose final shortest-path weights are determined,
* () = priority queue = V' — S§.

e
4




SSSP: Diyjkstra’s Algorithm

* Dyjkstra DUKSTRA(V, E, w, 5)

. Greedy approach INIT-SINGLE-SOURCE(V, s)
i : ht ed S <0

No negative-weight edges. O «V > i.e., insert all vertices into QO
* Essentially a weighted version of BFS | while Q # 0
* Instead of a FIFO queue, uses a do g T ?’LT;“;CT‘MIN (@)

. . <— U

prlqrgty q;eue. Keys are shortest-path for Each Vertes oo AD L]

Wetg S( [V]) . do RELAX(u, v, w)
 Have two sets of vertices:

» § = vertices whose final shortest-path
weights are determined,

e () = priority queue = V' — S§.
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SSSP: Diyjkstra’s Algorithm

* Dyjkstra DUKSTRA(V, E, w, 5)

. Greedy approach INIT-SINGLE-SOURCE(V, s)
i ; oht od S <0

No negative-weight edges. O <«V > 1.e., insert all vertices into QO
* Essentially a weighted version of BFS | while Q # 0
* Instead of a FIFO queue, uses a do ‘; T ?’E}T?‘;CT‘MIN (Q)

. — u

prlqrggf qgeue. Keys are shortest-path b

i i 24 S( [V])‘ _ do RELAX(u, v, w)
 Have two sets of vertices:

» §=vertices whose final shortest-pa
weights are determined,

e () = priority queue = V' — S§.
=

Min priority queue
e.g., binary heap

@) CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Diyjkstra’s Algorithm

* Dyjkstra’s algorithm running time: DUKSTRA(V, E, w, 5)
e Like Prim’s algorithm, depends on TSNIT'%INGLE‘SOURCE(V’ )
implementation of priority queue. 0 <V ik ihsert i vertides dnto 0
while Q # 0
* If binary heap, each operation takes do u <— EXTRACT-MIN(Q)
O(log |V] ) time = O(|E| log |V)). S < SU{u}
for each vertex v € Adjlu]
. . do RELAX(u, v, w)
* If a Fibonacci1 heap:

* Each Decrease-Key (used during relaxation)
takes O(1) amortized time.

* There are O(|V]) other operations, taking
O(log |V]) amortized time each.

e Therefore, time 1s O(|V| log |V] + |E)).

Running time?
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SSSP: Diyjkstra’s Algorithm

° Dijkstra DUKSTRA(V, E, w, )
) INIT-SINGLE-SOURCE(V, )
* So, 1n short, ¢lly

* The algorithm maintains a set S of vertices thfl— v I > i.e., insert all vertices into Q
whose final shortest-path weights from the = ™" 27

: do u < EXTRACT-MIN(Q)
source s have already been determined. S « SU{u}

e The algorithm repeatedly selects the vertex fox ?:i‘;r;e;(z iAzJ;[”]
u € V — S with the minimum shortest-path -

estimate, adds u to S, and relaxes all edges

leaving u. RELAX(u, v, w)
* Greedy strategy: if d[v] > d[u] +w(u, v)
cel: 99 113 2) then d[v] < d[u] + w(u, v)
Always chooses the “lightest” or “closest g
vertex in V' — S to add to set S.
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SSSP: Diyjkstra’s Algorithm

DUKSTRA(V, E, w, 5)

INIT-SINGLE-SOURCE(V, s)
S <0

Q«V > i.e., insert all vertices into Q
while Q # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
do RELAX(u, v, w)

* Example

Starting
point

@ CS-3510: Design and Analysis of Algorithms | Summer 2022
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SSSP: Diyjkstra’s Algorithm

o Exampl e INIT-SINGLE-SOURCE (V, s) DUKSTRA(V, E, w, 5)
foreachv e V INIT-SINGLE-SOURCE(V, s)
do d[v] <« o© S <0
m[v] < NIL Q«V > i.e., insert all vertices into Q
d[s] <0 while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
s o Shortest distance
! 0 t y X //
y 0 0 o0 00 00 o0
X 1)
z 1)
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SSSP: Diyjkstra’s Algorithm

° Example DDKSTRA(V, E, w, 5)
B INIT-SINGLE-SOURCE(V, s)
* S = {} S« 0
unvisited nodes o Q — {S: (), t: oo, y: ©, X: 0, Z: oo} O<«V > i.e., insert all vertices into QO
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
S 0 Shortest distance
t @ t y X //
Y ? 0 o0 o0 e'e] o0
X 1)
z 1)
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SSSP: Diyjkstra’s Algorithm

DIDKSTRA(V, E, w, s)

- Example UsEtsact-NiniQ) INIT-SINGLE-SOURCE(V, s)
unvisited nodes o Q — {SZ (), t: oo, y: ©, X: 0, Z: oo} Q«V > i.e., insert all vertices into O
(priority queue) while O # 0

do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)

v | T(v)
s ? Shortest distance
' 0 t y X //
Y ? 0 o0 00 00 o0
X 1)
z 1)
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SSSP: Diyjkstra’s Algorithm

° Example DUKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
e S = {S} S <0
unvisited nodes o Q — {SI (), t: 1(), y: 5, X: 0 7Z: oo} Q«V > i.e., insert all vertices into O
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX (1, v, w)
v | T(v)
S 0 Shortest distance
t = t y X //
. 0 10 | 5 o | o
X
Z
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SSSP: Diyjkstra’s Algorithm

U<&Extract-Min(Q)
e Example (The smallest that has not DUKSTRA(V, E, w, 5)
been chosen yet) INIT-SINGLE-SOURCE(V, s)
e S = {S} S <0
unvisited nodes o Q — {SI (), t: 10) y: 5, X: 0 7Z: oo} Q«V > i.e., insert all vertices into O
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX (1, v, w)
v | T(v)
S 0 Shortest distance
t > t y X //
y . 0 10 5 00 o0
X
Z
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SSSP: Diyjkstra’s Algorithm

° Example DUKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
¥ S5 {Sa y} S0
unvisited nodes o Q — {SI (), t: 10) ¥ 59 X: 0 7Z: oo} Q«V > i.e., insert all vertices into O
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
S 0 Shortest distance
t > t y X //
. o | 10 | 5 0 | oo
X
Z
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SSSP: Diyjkstra’s Algorithm

° Example DUKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
¥ S5 {Sa y} S0
unvisited nodes o Q == {SI (), t: 8, ¥ 59 X" 14, 7" 7} [0 <— 1% > i.e., insert all vertices into O
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
S o Shortest distance
t y t y X //
. 0 8 5 14 | 7
X y
Z y
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SSSP: Diyjkstra’s Algorithm

U<&Extract-Min(Q)
® Example (The smallest that has not DUKSTRA(V, E, w, 5)
_| been chosen yet) INIT-SINGLE-SOURCE(V, s)
Y S5 {Sa y} S <0
unvisited nodes o Q == {SI (), t: 8, ¥ 59 X" 14, 7" 7} [0 <— 1% > i.e., insert all vertices into O
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX (1, v, w)
v | T(v)
S 0 Shortest distance
t 4 t y X //
B 0 8 s 1 44 1 5
X Yy
Z y
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SSSP: Diyjkstra’s Algorithm

° Example DIDKSTRA(V, E, w, s)
INIT-SINGLE-SOURCE(V, s)
.S:{Sa}I9Z} S <0
l(ln\./isi-ted nodes) o Q == {SZ (), t: 8, fy%, X" 14, Z—?} Qh;l— g - > i.e., insert all vertices into O
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
s ? Shortest distance
' : t y X //
. 0 8 5 14 | 7
X y
Z y
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SSSP: Diyjkstra’s Algorithm

° Example DUKSTRA(V, E, w, 5)
B INIT-SINGLE-SOURCE(V, s)
.S_{So}IaZ} S <0
l(ln\./isi-ted nodes) o Q == {SI ()) t: 8, fy%, X* 13, Z—?} Qh;l— lé - > i.e., insert all vertices into O
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
s ? Shortest distance
' : t y X //
. 0 8 5 -7
X Z
Z y
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SSSP: Diyjkstra’s Algorithm

U<&Extract-Min(Q)
° Example (The smallest that has not DIKSTRA(V, E, w, s)
been chosen yet) INIT-SINGLE-SOURCE(V, s)
* S={s,y, z} S« 0
unvisited nodes) o Q == {SZ (), t 8, fy%, X" 13, Z—?} Qh;l— g - > i.e., insert all vertices into Q
(priority queue while
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
s 0) Shortest distance
' : t y X //
;. 0 8 5 13 7
X Z
Z y
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SSSP: Diyjkstra’s Algorithm

° Example DDKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
.S:{Sa}I9zat} S <0
l(m\./isi-ted nodes) o Q == {SI (), {:_8, fy%, X* 9, Z—?} Qh;l— g - > i.e., insert all vertices into O
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX (1, v, w)
v | T(v)
s ? Shortest distance
' : t y X //
. 0 8 5 9 7
X t
Z y
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SSSP: Diyjkstra’s Algorithm

° Example DDKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
.S:{Sa}I9zat} S <0
l(m\./isi-ted nodes) o Q == {SI (), {:_8, fy%, X* 9, Z—?} Qh;l— g - > i.e., insert all vertices into O
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX (1, v, w)
v | T(v)
s ? Shortest distance
' : t y X //
. 0 8 5 9 7
X t
Z y
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SSSP: Diyjkstra’s Algorithm

U<Extract-Min(Q)
® Example (The smallest that has not DUKSTRA(V, E, w, 5)
S been chosen yet) INIT-SINGLE-SOURCE(V, )
.S_{Sa}IaZat} S <0
unvisited nodes o Q == {SI (), £ 8, ¥ 59 X: 9, z: ;} Q«V > i.e., insert all vertices into O
(priority queue) while O # 0
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
S 0 Shortest distance
! ) t y X y/
. 0 8 5 9 7
X t
Z y

@ CS-3510: Design and Analysis of Algorithms | Summer 2022 92




SSSP: Diyjkstra’s Algorithm

° Example DDKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
‘S:{S,y,Z,t,X} S <0
l(ln\./isi-ted nodes) o Q — {S—QI ! {;—8, fy%, 91%9, Z—?} Qh;l— g - > i.e., insert all vertices into Q
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX (1, v, w)
v | T(v)
s ? Shortest distance
' : t y X //
. 0 8 5 9 7
X t
Z y
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SSSP: Diyjkstra’s Algorithm

° Example DUKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
‘S:{S,y,Z,t,X} S <0
l(ln\./isi-ted nodes) o Q — {S—QI ! {;—8, fy%, 91%9, Z—?} Qh;l— ‘é - > i.e., insert all vertices into Q
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
s ? Shortest distance
' i t y X //
Y| ° 0 8 5 9 7
X t
Z y
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SSSP: Diyjkstra’s Algorithm

° Example DUKSTRA(V, E, w, 5)
INIT-SINGLE-SOURCE(V, s)
‘S:{S,y,Z,t,X} S <0
l(ln\'fiSi"[ed node§ o Q — {S—QI ! {;—8, fy%, 91%9, Z—?} Qh;l— ‘é - > i.e., insert all vertices into Q
priority queue winle
do u < EXTRACT-MIN(Q)
S <« SU{u}
for each vertex v € Adjlu]
Parents (path) do RELAX(u, v, w)
v | T(v)
s ? Shortest distance
' i t y X //
Y1 ° 0 8 5 9 7
X t
Z y
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SSSP: Diyjkstra’s Algorithm Summary

* Dyjkstra DUKSTRA(V, E, w, 5)

o Greedy approach INIT-SINGLE-SOURCE(V, s)
i ; oht ed S <0

No negative-weight e gCs. O «V > i.e., insert all vertices into QO
* Essentially a weighted version of BFS | while Q # @
« Instead of a FIFO queue, uses a do g bl ?’LT;“;CT‘MIN (Q)

. — u

prlqrgty q;eue. Keys are shortest-path I O 0 O

Welg s (dLv)). . do RELAX(u, v, w)
* If binary heap, each operation takes

O(log |7 ) time = O(|E| log | V).

* How to apply? (Main steps)
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2 [ I ] , [ ]
SSSP: Diyjkstra’s Algorithm Summary
* Dyjkstra DUKSTRA(V, E, w, 5)
e Greedv approach INIT-SINGLE-SOURCE(V, s)
4 Pp ) S <0
* No negative-weight edges. Q«V > i.e., insert all vertices into O
* How to apply? (Main steps) while Q # @
1. Create three data structure do ‘; T ?’E}T?’;CT‘MIN(Q)
n . < u
. ‘t())ilrllz rf;/); 21;; )prlorlty queue Q (usually min for each vertex v € Adju] Parentls (path)
do RELAX(u, v, v | (V)
* One for “d” shortest path weight estimation D i - E

e Another for “m(v)”

Q={s:0,t:00,y: 0, Xx:0,7: 0} [,

o . . @
2. Initialize them |INIT-SINGLE-SOURCE(V, $) | qphortest distance y | o
foreachv e V
do d[v] < o© S t y X Z X 1)
m[v] < NIL 0 ) 35 ) 0 z )}
dls] < O
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SSSP: Diyjkstra’s Algorithm Summary

o Dijkstra DUKSTRA(V, E, w, 5)
. Greedy approach éNIT—S@INGLE-SOURCE(V, 5)
: ) <«
* No negative-weight edges. Q«V > 1.e., insert all vertices into Q
* How to apply? (Main steps) while Q # 0

do u < EXTRACT-MIN(Q)

1. Create three data structure

. i S < SU{u} Parents (path
One for ihe”prlorlty s Q. 1T, for each vertex v € Adjlu] e (path)
* One for “d” shortest path weight estimation do RELAX(, v, ) v | m(v)
e Another for “m(v)” s o
2. Initialize them Q={s8:0,t: 00, y: 00, x:00,7: 00} &
3. At each step deque the min-distance  Shortest distance y | 0
O(E| log |V]). 1Ot chosen node u from the priority S . » N . x | o
queue, and update the neighbors - - = r - -

(relax) and the key of the priority Q.
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All-Pairs Shortest Path (APSP)

* Problem description
* Given graph G = (V, E), and a weight function w: E - R
* Output: An n X n matrix of shortest path distances 6 (u, v).

* Can we use Bellman-Ford or Dijkstra’s algorithms?

* Running Bellman-Ford once from each vertex:
« O(|V|?|E]) which is O(|V|*) if the graph is dense (|E| = O(|V|?)).

* [f non-negative weights, then we can run Dijkstra’s algorithm once from each
vertex:
« O(|V||E]|log|V|) with binary heap — O(|V|®) if dense,
« O(JV|?log|V| + |V]||E|) with Fibonacci heap — O(|V|3) if dense.

e
4




All-Pairs Shortest Path (APSP)

* Problem description
* Given graph G = (V, E), and a weight function w: E - R

Let’s see how we

* Output: An n X n matrix of shortest path distances 6(u, V).  .an do it in o(|V]3)

without any fancy

« Can we use Bellman-Ford or Dijkstra’s algorithms?  data structure.

* Running Bellman-Ford once from each vertex:
« O(|V|?|E]) which is O(|V|*) if the graph is dense (|E| = O(|V|?).

* If non-negative weights, then we can run Dijkstra’s algorithm once from each

vertex:
« O(|V||E]|log|V|) with binary heap — O(|V|®) if dense,
« O(JV|?log|V| + |V]||E|) with Fibonacci heap — O(|V|3) if dense.
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APSP: Floyd-Warshall

* Floyd-Warshall algorithm

* Let dg-() be the shortest path weight of any path from 1 to j with all
intermediate vertices in {1, ..., k}.

* Ultimately, we need to find the values of dg-@ for each pair of nodes v; and v;.

* Consider a shortest path p (i ~ j), from 1 to j, with all intermediate vertices in
{1, 2, ..., k}, then 2 cases can happen:

1.
)

If k is not an intermediate vertex, then all intermediate vertices of p are in {1, ..., k — 1}.
If &k 1s an intermediate vertex,

then p is composed of two shortest sub-paths,
with the intermediate nodes drawn from {1, ..., k — 1}

N/

all intermediate vertices in {1, 2, ..., k~1}

e
4




APSP: Floyd-Warshall

* Floyd-Warshall algorithm

* Consider a shortest path p (i ~ j), from 1 to j, with all intermediate vertices in
{1, 2, ..., k}, then 2 cases can happen:

1. If kis not an intermediate vertex, then all intermediate vertices of p are in {1, ...,k — 1}.

2. If kis an intermediate vertex, P 1)
then p 1s composed of two shortest sub-paths,
with the intermediate nodes drawn from {1, ..., k — 1}
(optimal substructure of shortest path)

all intermediate vertices in {1, 2, ..., k~1}

e Base case dg-)) = Wi;
(no intermediate vertices)

e
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APSP: Floyd-Warshall

* Floyd-Warshall algorithm

* Consider a shortest path p (i ~ j), from 1 to j, with all intermediate vertices in
{1, 2, ..., k}, then 2 cases can happen:

1.
2.

* Base case dg-)) = Wi;
(no intermediate vertices) ‘

If k is not an intermediate vertex, then all intermediate vertices of p are in {1, ..., k — 1}.
If k is an intermediate vertex, P 1)
then p is composed of two shortest sub-paths,

with the intermediate nodes drawn from {1, ..., k — 1}
(optimal substructure of shortest path)

all intermediate vertices in {1, 2, ..., k~1}

We will use a weight matrix W which 1s defined as:
0 =

Wi ={w(i,j) i#jand(i,j)€E

o i#jand (i,j) ¢ E

\
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APSP: Floyd-Warshall

* Floyd-Warshall algorithm

* Dynamic programming approach

( i Eini
0 [ =]
* We will use a weight matrix W which is defined as: |\W;; = {w(i,j) i #jand (i,j) €E
it i +jand (i,j) ¢ E
rVVU k=0
(k-1
* Recurrence relation: d.(l.{) = | di(j )
H min < (k=1) (k=1) k=>1
\ \dik +dy;
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APSP: Floyd-Warshall

* Floyd-Warshall algorithm

* Dynamic programming approach

/ =
0 [ =]
* We will use a weight matrix W which is defined as: |\W;; = {w(i,j) i #jand (i,j) €E
o i#jand (i) €E
rVVU k=0
(k-1
* Recurrence relation: dg.{) = | di(j ) BT (n)
ming ey, geen 62 We want D = d{]
: ik kj
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APSP: Floyd-Warshall

: 7
* Floyd-Warshall algorithm We want D™ = d;;
fWi j =
(
k—1
* Recurrence relation: dl-(]IF) =R 1S di( j )
min < (k—1) (k—1) k>1

* Implementation:

: . FLOYD-WARSHALL (W, n)
* Bottom-up (iterative)

DO «— w
fork < 1ton
dofori < 1ton
do for j < 1ton
do d < min (d™",di" +d7Y)

return D™
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APSP: Floyd-Warshall

: 7
* Floyd-Warshall algorithm We want D™ = d;;
fWi j =
(
k—1
* Recurrence relation: dl-(]IF) =R 1S di( j )
min < (k—1) (k—1) k>1

* Implementation:

: . FLOYD-WARSHALL (W, n)
* Bottom-up (iterative)

DO «— W
: : fork < 1ton
* Running time? dofori < 1ton

do for j < 1ton
do d < min (d™",di" +d7Y)

return D™
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APSP: Floyd-Warshall

* Floyd-Warshall algorithm| FrLoyp-WARSHALL(W, n)
DO «— W

* Implementation: P
' dofori < 1ton

* Bottom-up (iterative) dofor j < 1ton
do d® « min (4%, d%n 4 dlgf—l))

* Running time? return D™

* O(IVI®)

* Memory required?
- 0(IVI®)
* But we only use the computations from the previous step (k-1). So, we can only store the
last step computations = O(|V|?)
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APSP: Floyd-Warshall

* Discussion
* Note, if the given graph is sparse (|E| < |V|?) and the weights are non-
negative, then using Dijkstra’s algorithm can be slightly more efficient.
 O(|V||E|log|V|) with binary heap,
« O(|JV|?log|V| + |V]||E|) with Fibonacci heap

* Floyd-Warshall still has advantages:
* Handles negative edges

* Simple and straightforward implementation
* No fancy data structures
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Graph

* Graph definition and representation

* Adjacency matrix
* Adjacency list

* Graph traversal « Shortest path (directed weighted graphs)
 Breadth first search (BFS) « Dijkstra (greedy)
« Shortest path (unweighted graphs) * Bellman-Ford (dynamic programming)
* Testing bipartiteness * Floyd-Warshall (dynamic programming)
« Tree traversal (Ievel-order)
* Connected components e Flow network
* Depth first search (DFS) * Max-flow min-cut theorem
« Topological sorting * Ford-Fulkerson algorithm

» Tree traversal (in-order, pre-order, post-order)
* Connected components
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